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Examples up to now have been discrete (binary) random variables

Kalman ‘tiltering’ can be seen as a special case of a temporal
inference with continuous random variables
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Everything is continuous...

T e P(xy) P(elx) P(xi|xi—1)

probability distributions are no longer tables but functions



Making the connection to the ‘filtering’ equations

(D|Screte) F||ter|ng Tables Tables Tables

P(Xi1leris) & Plera|Xi1) ) P(X 11| X ) P(X¢lerr)
X ¢

Kalman Fllterlng Gaussian Gaussian Gaussian

P(Xt+1\€1:t+1) X P(et—l—l‘Xt—H)/ P(Xt+1\$t)P($t|€1:t)da3t

observation model motion model belief

integral because
continuous PDFs



Simple, 1D example...
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TtNN(O,O'R)

‘sampled from’

System (motion) model



Ty = Tig—1 + S+ 71¢

TtNN(O,O'R)

kKnow velocity noise

How do you represent the motion model?

P(CBt ZEt_l)




Ty = Tig—1 + S+ 71¢

TtNN(O,O'R)

S T2

Know velocity noise

How do you represent the motion model?

A linear Gaussian (continuous) transition model

P(xi|wi—1) = N(x; 21 + 5,0/)

standard

mean -
deviation

How can you visualize this distribution?



Ti—1+ S

Know velocity

A linear Gaussian (continuous) transition model

P(flft|5€t—1) — N($t§$t—1 =+ Sygr)

Why don't we just use a table as before?



2t = Tt + (¢

qe ~ N(Ov UQ)

sampled from a Gaussian

Observation (measurement) model
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GPS measurement Zl True position

How do you represent the observation (measurement) model?

P(e|x)

e represents z



2t = Tt T Q¢
QtNN(ngQ)

SEeNsor
error

GPS measurement Zl True position

How do you represent the observation (measurement) model?

Also a linear Gaussian model

P(zt|zs) = N(2¢; 24, 00)




GPS GPS measurement <
% )

D =T+
QtNN(ngQ)

True position

How do you represent the observation (measurement) model?

P(Zt

Also a linear Gaussian model

ZEt) — N(Zt, Lt O'Q>



T

true position initial estimate

initial estimate uncertainty O-O

Prior (initial) State



true position initial estimate

How do you represent the prior state probability?



true position initial estimate

How do you represent the prior state probability?

Also a linear Gaussian model!

P(zo) = N(Z¢; z0, 00)



initial estimate CEO

true position

How do you represent the prior state probability?

Also a linear Gaussian model

P(zo) = N(Z¢; z0, 00)



Inference

So how do you do temporal filtering with the KL?



Recall: the first step of filtering was the ‘prediction step’

prediction step

P(Xpi1lenat) o Plep| Xoin) / P(X 1|20 P2y e ) da,

€L motion model belief

.‘,v
4

compute this!
It's just another Gaussian

need to compute the ‘prediction’ mean and variance...



Prediction
(Using the motion model)

How would you predict 1 given Zg ?

using this ‘cap’ notation to > _ - L
551 — ajo _|_ S (This is the mean)

denote ‘estimate’

2 2

0‘1 p— 0'(2) —|— 0-7“ (This is the variance)



prediction step

P(Xpi1lenat) o Plep| Xoin) / P(X 1|20 P2y e ) da,

€L motion model belief

the second step after predictionis ...



... update step!

P(Xiy1|€1:441) X

compute this —=—"
(using results of the prediction step)



In the update step, the sensor measurement
corrects the system prediction

o ( ‘“‘{‘

(Reessee s
initial system sensor
estimate prediction  estimate
L0 L1 <1

2 2
O 1 O q
uncertainty uncertainty

Which estimate is correct? Is there a way to know?

[s there a way to merge this information?



Intuitively, the smaller variance mean less uncertainty.

system 2 sensor 2

prediction ¥ 1 estimate UC]

SO we want a weighted state estimate correction

2 2
Iyq 01

something ~+ |

. . T — £

like this. .. 1 2 o1l T "9 9
07 -+ O'q 07 -+ O'q

<1

This happens naturally in the Bayesian filtering (with Gaussians) framework!



Recall the filtering equation:

observation one step motion prediction

(Gaussian (Gaussian

What is the product of two Gaussians?



Recall ...

When we multiply the prediction (Gaussian) with the
observation model (Gaussian) we get ...

... a product of two Gaussians

2 2
105 + p2od 0105
— 2 2 0 =
0-2 —|_0-1 O’%‘FO’%

applied to the filtering equation...



P(Xpi1lerisn) o Plest| Xoon) / P(X 1|20 P2y|ers)de,

{

mean. <1

A

mean. L1
variance: Ygq variance: 01
new mean: new variance:
~ 2 2
L il?lo'g + zla% o+ 9491
O-q _|_ 0-1 q 1

‘plus’ sign means post
‘update’ estimate



2
system 2 sensor 5

prediction ¥ 1 estimate q
With a little algebra...
L :?:102 + z10% 02 0%
L1 = 2 + 2 — 1 2 + 2 - 21 2 + 0.2
O'q 0'1 O'q 0'1 O'q 1

We get a weighted state estimate correction!




Kalman gain notation

With a little algebra...

2
xf:xll : (21— 21) = 21 + K(21 — 21)
7a T AR
‘Kalman gain’ ‘Innovation’
With a little algebra...
2 2 2
o] = — = =1 SR 0r =(1-K)o:
o1 + o o1 + o



Summary (1D Kalman Filtering)

To solve this...

P(Xii1lerest) o Plecs:| X o) / P(X 11| P(@:ler) d,

L

Compute this...

A A 24 9 2

‘Kalman gain’

A A N 2 2 2
2T =2+ K(z — 21) ot =07 — Koj

mean of the new Gaussian variance of the new Gaussian



Simple 1D Implementation
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Just 5 lines of code!



or Just 2 lines



Bare computations (algorithm) of Bayesian filtering:

Ka,lmanFllter(,ut 1, Dt 1, Uty 2t )

motion

ri;jeic;tn Mt — At//[/t 1 —|— But ‘old’ mean

Prediction

K = EtCT(CtZtCT =+ Qt)_l Gain

vation model

e = e+ K (2 — Ct,ut)
Update



Simple Multi-dimensional Implementation
(also 5 lines of code!)

[ x P] = KF(x,P, z)
X = A*xX;
P = A*P*A'" + Q;

K = P*C'/(C*P*C' + R);

X = x + K¥(z - C*x);
(eye (s1ze (K, 1)) —-K*C) *Pp;

av,
|



2D Example



state measurement
- e
Xr — < =
Y Y

Constant position Motion Model

L — A.’,Et_l -+ B’U,t + €4



state measurement
- e
Xr — < =
Y Y

Constant position Motion Model

L — A.’,Et_l -+ B’UJt -+ €t

system noise

Constant position €t ™~ N(Ov R)
_ 1 0 - _ C _ i 03 0
A__O 1 Bu =1 R:_o o2




state measurement
L — < —

Measurement Model

L1 = tht —+ 5t



state measurement
L — < —

Measurement Model

z; = Crxy + 04

Zero-mean measurement noise
|1 0 5~ (O O — _ 02 0
— _ O 1 _ t ™ ( 7@) — _ O 0.2




Algorithm for the 2D object tracking example

1 0 1 0
séz A‘_o 1 C‘_o 1

motion model observation model
General Case Constant position Model
py = Agpiy—1 + Buy Ty = LTi_1
it — AtZt_lAtT -+ R E_t — Zt_l —I— R
K =50 (Ci5C, + Q) ™! K = jt(jt + Q)_l
pe = fie + K2t — Cofiy) rr = Tt + Ki(2t — T4)

B = (I - KiCy)%y i = (I — Kt)jt



Just 4 lines of code

X
av.
|

KEF constPos (x, P, z)
P =P + Q;

K =P/ (P + R);

X
|

x + K * (z - X);
(eye(size(K,1))-K) * P;

av,
|

Where did the 5th line go?



General Case

e = Agpe—1 + Buy

¥, = A5 1A + R

Ky = 5,0/ (CEC, + Q)™
pe = [y + Ki(2ze — Cyfig)

Yy = (I — KtCt)Z_t

Constant position Model




Motion model of the Kalman filter is linear

Lt — Aa:t_l -+ But -+ €4

but motion is not always linear

Py




Visualizing linear models

1D motion model

pize) example
%
Output gl N L T \y
Gaussian (Prediction) 0%5’ Qg(
B, N\

Lt—1 X

Can we use the Kalman nout
F/'/Z‘er? Gaussian (Belief)

(motion model and observation model are linear)



Visualizing non-linear models

1D motion model

p(x¢)
> example

N\
Output: 2 S, .
NOT Lt . Y\ Y )
. 2,
Gaussian %,

Lt—1 X

Can we use the Kalman nout
F/'/Z‘er? Gaussian (Belief)

(motion model is not linear)



How do you deal with non-linear models”?

1D motion model
P(ft)

example
%
NN
Output: \‘%}
NOT e ~)
Gaussian

Lt—1 X

Input:
(Gaussian



How do you deal with non-linear models”?

approximate with a
Output: linear function
' X
Gaussian g
€TV
When does this trick work? Input:

(Gaussian



Extended Kalman Filter

* Does not assume linear Gaussian models

- Assumes Gaussian noise
» Uses local linear approximations of model to keep

the efficiency of the KF framework

Kalman Filter Extended Kalman Filter

linear motion model non-linear motion model

Lt — Ail?t_l - But -+ €4

linear sensor model




Motion model linearization

0 Y
g(xi_1,us) ~ g(pe—_1,us) - g(g;tll t)

(xt—l — ,ut—l)

Taylor series expansion



Motion model linearization

0 Y
g(xi_1,us) ~ g(pe—_1,us) - g(g; 11 t)
+—

(xt—l — ,ut—l)

~ g(:ut—la ut) T Gt (xt—l — ,ut—l)

]

What's this called?



Motion model linearization

0 Y
g(xi_1,us) ~ g(pe—_1,us) - g(g; 11 t)
+—

~ g(:ut—la ut) T Gt (xt—l — ,ut—l)

(xt—l — ,ut—l)

T Jacobian Matrix

What'’s this called? ‘the rate of change in X’
‘slope of the function’



Motion model linearization

0 Y
g(xi_1,us) ~ g(pe—_1,us) - g(g; 11 t)
+—

~ g(:ut—la ut) T Gt (xt—l — ,ut—l)

(xt—l — ,ut—l)

Jacobian Matrix

‘the rate of change in X’
‘slope of the function’

Sensor model linearization

b)) + 5P (s — )

~ h(pe) + Hy (x:— [e)




New EKF Algorithm

(pretty much the same)

Kalman Filter -xtended KF
Ut = At,ut—1 + Buy He = g(,ut—laut)
Z_]t — AtZt_lA;r —|— R it — Gtit_lG;r + R
Ky = 2_JtCl/fT(CtitCtT T Qt)_l Ky = SthT (HtitHT =+ Q)_l
pe = fiy + Ki(ze — Cyjig) pe = e + K (ze — h(fiz))

Zt — (I — KtCt)jt Et — (I — Kth)St



2D example

s




state: position-velocity

position

velocity

position

L 8 K

velocity

pearing . constant velocity motion model

displacement y

0 I At 0
' 0
At
1

o OO =
o O =
o = O O

with additive Gaussian noise

Motion model is linear but ...



displacement y

measurement: range-bearing

(A

0

_ ¢_$2+y2
tan~(y/x) |

measurement model

s the measurement model linear?

z = h(r,0)

with additive Gaussian noise



displacement y

measurement: range-bearing

(A

0

_ ¢_$2+y2
tan~(y/x) |

measurement model

s the measurement model linear?

z = h(r,0)

with additive Gaussian noise

non-linear!

What should we do?



linearize the observation/measurement model!

r
z = 0z
0 =229
| VR Ox
i tan_l(y/x) i What is the Jacobian?

dr O0x Oy Oy

06 00 00 00



_ . i}
z = 0z
0 H =22 =7
| VR ox
i tan_l(y/x) i What is the Jacobian?

Jacobian used in the Taylor series expansion looks like ...

- Or or or or - - -

o 01 0y 0y cos(0) 0 sin(d) O
H — —
I % % g—z g—g ) - —sin(0)/r 0 cos(@)/r 0



g X
il

g X

EKF (x,P,z,dt)

= sqgrt (x(1)"2+x(3)"2);

= atanZ2 (x(3),x(1));

= [r; Dbl

[ cos (b) O sin(b)
-sin(b)/r 0 cos(b)/r

F'*x;

Fx*P*E'" + Q;
P*H'/(H*P*H' + R);

= X + K*¥(z - v);

Parameters:

Q
R

F

I
(OR
|_l. -
Q
«Q

0 M extra computation for
0 ] . the EKF measurement
/ model Jacobian

(eye (size (K, 1)) -K*H) *P;



Problems with EKFs

Taylor series expansion = poor approximation of non-linear functions
success of linearization depends on limited uncertainty and amount
of local non-linearity

Computing partial derivatives is a pain

Drifts when linearization is a bad approximation

Cannot handle multi-modal (multi-hypothesis) distributions



