Review: least squares linear prediction I

Consider a linear predictor of X,, . given X,, = x,:
flz,) = ag+ arz,.

For a stationary time series { X; }, the best linear predictor is
fr(@n) = (1= p(h))p + p(h)n:

E (Xyyn — (o + aan))Q > B (Xppn — f*(Xn))Q
= o?(1 - p(h)?).




‘ Linear prediction I

E [(Xntm

Given X, X, ...

E(Xyim — X

, Xn, the best linear predictor

n
X,;r:_'_m = Qg + E Ozin'
1=1

of X,, 1., satisfies the prediction equations

) =0

n+m

_Xnr

n+m

This 1s a special case of the projection theorem.

) X;| =0 fori=1,...




Projection Theorem I

If 'H 1s a Hilbert space,

M is a closed linear subspace of 'H,
andy € 'H,

then there is a point Py € M

(the projection of y on M)

satisfying

L |1Py —yl| < |lw -yl forw e M,

2. |Py—yl| < ||lw—y| forw e M,w#y
3. (y — Py,w) =0 forw € M.




‘ Projection theorem: Linear prediction I

Let X', ~ denote the best linear predictor:

n+m

1X" = Xoaml? <1 Z = Xpgml||? forall Z € M.

n—+m

The projection theorem implies the orthogonality

(X5

n—+m

(X5

n—+m

— Xpim,Z)y=0 forall Z € M
— Xpam,Z)y=0 forall Z € {1, X,,...,X,}

E(X" . — Xn+m) =0

E|[(X]

n—+m

— Xotm) Xi] =0

n
n+m

That 1s, the prediction errors (X — X,,1+m) are uncorrelated with the

prediction variables (1, X1, ..., X,).
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‘ Linear prediction I

Error (X}, ,,, — Xn+m) 1s uncorrelated with the prediction variable 1:

E (X}

n—+m

E <a0 + ) X - Xn+m> = (

— Xpt,,) =0

1 (1 - Za> .

So Xg—i—m:ao_l_zaiXi — Xngm—M:Z%(Xz—M)

Thus, for forecasting, we can assume p = 0. So we’ll ignore ay.
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‘ One-step-ahead linear prediction I

Write X7y = ui X + bpaXno1t -+ dun Xy
Prediction equations: E ((XQJrl — Xn+1)Xi) =0, fori=1,...,n

A Z@%J Xny1-5X;) = E(X 11 X5)

> burli =) =)

Fn¢n = Tn,
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‘ One-step-ahead linear prediction I

Prediction equations: I'on = vn.

y(n—1)
v(n —2)

An-1) -2
¢n — (¢n17 ¢n27 I ¢nn)/7
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‘ Mean squared error of one-step-ahead linear prediction I

where X = (

15



‘ Backcasting: Predicting m steps in the past I

Given X1, ..., X,,, we wish to predict X;_,, for m > 0.
That is, we choose Z € M = sp{X1,..., X, } to minimize ||Z — X1 _,,||°.

The prediction equations are

(X1, —X1-m,Z)=0 forall Z e M
E((X{,,—Xi-m)X;) =0 fori=1,...,n
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‘ One-step backcasting I

Write the least squares prediction of X given X, ..., X, as

where the predictor vector is reversed: now X = (X1,...,X,)".
The prediction equations are

E(X)—X0)X;)=0 fori=1,...
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‘ One-step backcasting I

The prediction equations are

Fn¢n = TYn,

which is exactly the same as for forecasting, but with the indices of the
predictor vector reversed: X = (X1,...,X,,) versus X = (X,,,..., X1)".
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‘ Example: Forecasting AR(1) I

AR(1) model: X =1 X1+ W,

linear prediction of Xs: X 21 = ¢$11X1
Prediction equation: v(0)p11 = (1)
= Cov(Xg, X1)
= ¢17(0)
P11 = P1.
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‘ Example: Backcasting AR(1) I

AR(1) model: X =1 X1+ W,

linear prediction of X: X 5 = ¢$11X1
Prediction equation: v(0)p11 = (1)
= Cov(Xg, X1)
= ¢17(0)
P11 = P1.
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‘ The prediction operator I

For random variables Y, Z1, ..., Z,,, define the
best linear prediction of Y given 7 = (Z1,...,72,,)’
as the operator P(-|Z) applied to Y:

P(Y\|Z) = py + ¢'(Z — pz)
Lo =17,
v = Cov(Y, Z)
['=Cov(Z,Z2).
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‘ Properties of the prediction operator I

1.LE(Y — P(Y|Z)) = 0,E((Y — P(Y|Z2))Z) = 0.

2.E((Y = P(Y|Z))?) = Var(Y) — ¢'7.

3. P(aon Y1 + aoYo + apglZ) = ap + an P(Y1|Z) + aa P(Y3|Z).
4. P(Z,|Z) = Z;.

5. P(Y|Z) = EY if v = 0.
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‘ Example: predicting m steps ahead I

X =X+ X+ e X
T, 6™ — ().
T, = Cov(X, X),

)y
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Partial autocovariance function I

AR(1) model: X =01 X1+ W,

(1) = Cov(Xo, X1) = ¢17(0)

— Cov

Clearly, Xy and X5 are correlated through X .

In the PACF, we remove this dependence by considering the covariance of

the prediction errors of X5 and X .




Partial autocorrelation function I

The Partial AutoCorrelation Function (PACF) of a stationary
time series { X3} is

¢11 = Corr(Xy, Xo) = p(1)

¢nn = Corr( Xy — X,’f_l,Xo — Xg_l) forh =2,3,...

This removes the linear effects of X4,..., X;_1:

. °7X—17&73<17X27 X '7Xh—£7 XhaXh—l—la s

N

partial out




Partial autocorrelation function '

The PACF ¢y, 1s also the last coefficient in the best linear prediction of
Xpy1 given Xq, ..., Xp:

I'non = v Xpy =X
On = (On1, On2y- -+, Ohh)-
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Example: Forecasting an AR(p) I

Z@Xt i+ Wi,

’I,_

X" = P(Xp|X1,..., X0)

p
=P (Z GiXny1—i + Wit Xy, ...

1=1

= Zﬁbz (Xnt1-il X1, .., Xn)

’L:

— ZQb‘XnJrl—z‘ forn > p.
i=1
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Example: PACF of an AR(p) I

p
For X; = Z Qi Xi—i + Wi,
i=1

p
n
X1 = Z Gi Xnt1—i-
i=1

ifl <h<
Thus, ¢pp = P =0 =p

0 otherwise.

12



Example: PACF of an invertible MA(q) I

q ee)
For X; = Z OWe_i + We, Xy = — ZWiXt—z' + Wi,

1=1 1=1

X" = P(Xp1| X1, X0)

In general, ¢y, # 0.
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ACF of the MA(1) process I

MA(1): X =Z, +6Z,_

©

Q 0/(1+67)
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‘ ACF of the AR(1) process I
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PACEF of the MA(1) process I
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‘ PACEF of the AR(1) process I
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PACF and ACF I

Model: ACF: PACF:
AR(p) decays zero for h > p
MA(q) zero for h > ¢ decays

ARMA(p,9) decays decays
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Sample PACF I

For a realization z, . .
the sample PACF is defined by

A

., Tn, Of a time series,

<300=1

g&hh = last component of g&h,

where ggh = Fgl’?h.
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‘ The importance of P ;: Prediction intervals I

n—l—l ¢n1X + ¢n2Xn 1+t gbnnXl

n n 2 —
L'nn = Tn, nt1 = B (Xn+1 - Xn—|—1) =(0) — %/zrnl%z-

After seeing X1, ..., X, we forecast X' ;. The expected squared error of
our forecast is P, ;. We can construct a prediction interval:

For a Gaussian process, the prediction error has distribution A/(0, P/, ;), so
Co.05/2 = 1.96 gives a 95% prediction interval. For any process with finite
second moments, we can apply Chebyshev’s inequality:

1
Pr (\X _EX| > t\/Var(X)) <.
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‘ Computing linear prediction coefficients I

7?—}—1 — ¢n1Xn + ¢n2Xn—1 + -+ §bnnX1

Fn¢n — Tn;
2

7?+1 =E (Xn+1 - g+1)

How can we compute these quantities recursively?
i.e., given the coefficients ¢,,_1 of X"~ ! how can we
compute the coefficients ¢,, of X' ;, without

solving another linear system I',,¢,, = v,,?
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