Review (Lecture 1): Time series modelling and forecasting I

1. Plot the time series.
Look for trends, seasonal components, step changes, outliers.

2. Transform data so that residuals are stationary.
(a) Remove trend and seasonal components.

(b) Differencing.

(c) Nonlinear transformations (log, v/-).

3. Fit model to residuals.

4. Forecast time series by forecasting residuals and inverting any

transformations.




‘ Review: Time series modelling and forecasting I

Stationary time series models: ARMA(p,q).
o p = 0: MA(q),
e ¢ = 0: AR(p).

We have seen that any causal, invertible linear process has:
an MA(oo) representation (from causality), and
an AR(co) representation (from invertibility).

Real data cannot be exactly modelled using a finite number of parameters.

We choose p, g to give a simple but accurate model.




‘ Review: Time series modelling and forecasting I

How do we use data to decide on p, g?

1. Use sample ACF/PACF to make preliminary choices of model order.
2. Estimate parameters for each of these choices.

3. Compare predictive accuracy/complexity of each (using, e.g., AIC).

NB: We need to compute parameter estimates for several different model
orders.

Thus, recursive algorithms for parameter estimation are important.

We’ll see that some of these are identical to the recursive algorithms for

forecasting.




‘ Review: Time series modelling and forecasting I

Model: ACF: PACF:
AR(p) decays zero for h > p
MA(q) zero for h > ¢q decays

ARMA(p,q) decays decays




‘ Parameter estimation I

We want to estimate the parameters of an ARMA(p,q) model.
We will assume (for now) that:

1. The model order (p and q) is known, and

2. The data has zero mean.

If (2) 1s not a reasonable assumption, we can subtract the sample mean 7,
fit a zero-mean ARMA model,

¢(B)X: = 0(B)Wr,

to the mean-corrected time series X; = Y; — v,
and then use X; + 7 as the model for Y.




Parameter estimation: Maximum likelihood estimator '

One approach:

Assume that { X} is Gaussian, that is, ¢(B)X; = 0(B)W;, where W, is
1.1.d. Gaussian.
Choose ¢;, 0; to maximize the likelihood:

L(¢7070_2) — f(Xh . °7Xn)7

where f is the joint (Gaussian) density for the given ARMA model.
(c.f. choosing the parameters that maximize the probability of the data.)




Parameter estimation: Maximum likelihood estimator I

Advantages of MLE:

Efficient (low variance estimates).
Often the Gaussian assumption is reasonable.
Even if { X} is not Gaussian, the asymptotic distribution of the estimates

(¢,0,52) is the same as the Gaussian case.

Disadvantages of MLE:

Difficult optimization problem.
Need to choose a good starting point (often use other estimators for this).




Preliminary parameter estimates I

Yule-Walker for AR(p): Regress X; onto X;_1,...,X;_,.
Durbin-Levinson algorithm with + replaced by 4.

Yule-Walker for ARMA(p,q): Method of moments. Not efficient.

Innovations algorithm for MA(q): with v replaced by ~.

Hannan-Rissanen algorithm for ARMA(p,q):
1. Estimate high-order AR.
2. Use to estimate (unobserved) noise W;.
3. Regress X; onto X;_1,...,X;_p, Wt—1, e Wt_q.
4. Regress again with improved estimates of W5.
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Yule-Walker estimation I

For a causal AR(p) model ¢(B)X; = W;, we have

E ' ; ; = E(Xt_q;Wt) for: = O, ce

pr _Fpgb — 07

.., ¢p)", and we’ve used the causal representation

Xy =Wy + ijwt—j-
j=1
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Yule-Walker estimation I

Method of moments: We choose parameters for which the moments are

equal to the empirical moments.

In this case, we choose ¢ so that v = 4.

Yule-Walker equations for ggz

These are the forecasting equations.
We can use the Durbin-Levinson algorithm.
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‘ Yule-Walker estimation: Confidence intervals I

If { X;} is an AR(p) process, and n is large,

o \/n(¢, — bp) is approximately N (0,521 1),
e with probability ~ 1 — «, ¢,, is in the ellipsoid

n

{Cb SR (ﬁgp _§b>/fp (ép _€b) < 62X%—a(p)}7

where x7_, (p) is the (1 — «) quantile of the chi-squared with p degrees of freedom.
e with probability ~ 1 — «, ¢,,; 1s in the interval

g% o o 1/2
== —a/27 — ’
pJ 1—a/2 \/— Y

where ®,_, o isthe 1 — « /2 quantile of the standard normal.
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‘ Yule-Walker estimation: Confidence intervals I

If { X} is an AR(p) process,

~ 0'2
¢ ~ AN (¢7 _F;1> 9
n

A 1
Ohh ~ AN (0, —) for h > p.
n

Thus, we can use the sample PACF to test for AR order, and we can
calculate approximate confidence intervals for the parameters ¢.




Yule-Walker estimation I

It 1s also possible to define analogous estimators for ARMA(p,q) models
with g > 0:

FG) =91 —1) = = (I — p —UQZW s

where ¥ (B) = 0(B)/¢(B).

Because of the dependence on the 1);, these equations are nonlinear in ¢;, 6;
There might be no solution, or nonunique solutions.

Also, the asymptotic efficiency of this estimator 1s poor: it has unnecessarily

high variance.




Efficiency of estimators I

Let ) and ¢ be two estimators. Suppose that

oM ~ AN(6,01),  ¢? ~ AN(¢,03).

The asymptotic efficiency of ¢(1) relative to ¢ is

(1) £(2) 0%
€ (¢7¢ 7¢ ) — ?

1
If e (gb, gﬁm, g£(2)) < 1 for all ¢, we say that g£<2) 1S a more efficient
estimator of ¢ than ¢(%) .

For example, for an AR(p) process, the moment estimator and the
maximum likelihood estimator are as efficient as each other.

For an MA(q) process, the moment estimator is less efficient than the
Iinnovations estimator, which is less efficient than the MLE.




Yule Walker estimation: Example I




Yule Walker estimation: Example I

Suppose { X;} is an AR(1) process and the sample size n is large.

If we estimate ¢, we have

1 ¢

V&I'(gbl) ~ o .

If we fit a larger model, say an AR(2), to this AR(1) process,

A 1—¢2 1 1 — ¢?
Var(¢y) ~ i =— > gb1.
n n n

We have lost efficiency.
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Yule Walker estimation: Example I

Sample ACF: Depth of Lake Huron, 1875 — 1972
T T T T




Yule Walker estimation: Example I

Sample PACF: Depth of Lake Huron, 1875 — 1972
T T T T T

T@? T2, onae ?j?? ? o
[0) O@(Ld) CL J)
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Maximum likelihood estimation '

Suppose that X, Xo, ..., X, 1s drawn from a zero mean Gaussian
ARMA(p.q) process. The likelihood of parameters ¢ € R?, 6 € R?,
o2 € R is defined as the density of X = (X, X5,...,X,,)’ under the

Gaussian model with those parameters:

1

1
L(6.0.0%) = exp (——X’rglx) ,
(2m)n/2 |1, |12 2

where | A| denotes the determinant of a matrix A, and I',, is the

variance/covariance matrix of X with the given parameter values.

The maximum likelihood estimator (MLE) of ¢, 6, afu maximizes this

quantity.




Maximum likelihood estimation I

We can simplify the likelihood by expressing it in terms of the innovations.

Since the innovations are linear in previous and current values, we can write

{X1\ ( X — X7 \

=C

A\ 7

Ve

n ) Loy
X ;

where C'is a lower triangular matrix with ones on the diagonal.
Take the variance of both sides to see that

I, =CDC’"  where D = diag(Py,...,P" 1.




Maximum likelihood estimation I

Thus, [T',| = |C)?PY---P*~ 1 =PP... P"~1 and

n n

XT 'x=vcr tcu=vcc*ptc tcu=UD"'U.

So we can rewrite the likelihood as

L(9,0,0) = 1 exp (—% S (X - X§1)2/P21>

(2r)mp? ... pp—1)'/? =

1 S(o, 9)) |

((27r0,3})”'r(1) . -7“2_1)1/2 207,

where 7'~ = P/~! /o2 and

n

S(¢,0) = Z




Maximum likelihood estimation I

The log likelihood of ¢, 6, 02, is

[(¢,0,03,) = log(L(¢,0,03,))

1 o .
= —g log(2mo2) — 5 ;log rit -




Maximum likelihood estimation I

Minimization is done numerically (e.g., Newton-Raphson).

Computational simplifications:

e Unconditional least squares. Drop the log 'rf_l terms.

e Conditional least squares. Also approximate the computation of 5132_1 by

dropping initial terms in S. e.g., for AR(2), all but the first two terms in .S
depend linearly on ¢1, ¢2, so we have a least squares problem.

The differences diminish as sample size increases. For example,

t—1 2 t—1 —1 i—1
P77 — o5 sor; " — l,andthusn™" ) .logr;”" — 0.




Maximum likelihood estimation: Confidence intervals I

For an ARMA(p,q) process, the MLE and un/conditional least
squares estimators satisty




‘ Integrated ARMA Models: ARIMA(p,d,q) I

For p,d,q > 0, we say that a time series { X;} is an
ARIMA (p,d.q) process if Y; = VX, = (1 — B)?X, is
ARMA(p,q). We can write

6(B)(1 - B)'X, = 0(B)W,.

Recall the random walk: X; = X;_1 + W;.
X is not stationary, but Y; = (1 — B)X; = W; is a stationary process.
In this case, it is white, so { X} is an ARIMA(0,1,0).

Also, if X; contains a trend component plus a stationary process, its first
difference is stationary.




‘ ARIMA models example I

Suppose { X;} is an ARIMA(0,1,1): X; = X; 1 + Wy — 0, W, _1.
If |61] < 1, we can show

Xe =) (1-60)6]" X, + Wi,
g=1
and so Xn_|_1 = Z(l — 91)9{_1Xn+1—j

j=1

= (1= 01)Xn+ ) (1—01)6] " Xpy1-

j=2
=(1—6)X, +6,X,.

Exponentially weighted moving average.




‘ Identifying preliminary values of d: Sample ACF I

Trends lead to slowly decaying sample ACF:




Identifying preliminary values of d, p, and ¢ I

For identifying preliminary values of d, a time plot can also help.

Too little differencing: not stationary.
Too much differencing: extra dependence introduced.

For identifying p, g, look at sample ACF, PACF of (1 — B)4X:

Model: ACF: PACF:
AR(p) decays zero for h > p
MA(q) zero for h > q decays

ARMA(p,q) decays decays




Diagnostics I

How do we check that a model fits well?

The residuals (innovations, z; — 27~ ") should be white.

Consider the standardized innovations,

~t—1
CCt—CEi

/ptt—1 '

This should behave like a mean-zero, unit variance, iid sequence.

€t —

e Check a time plot

e Turning point test

e Difference sign test

e Rank test

e Q-Q plot, histogram, to assess normality




Model Selection I

We have used the data x to estimate parameters of several models. They all
fit well (the innovations are white). We need to choose a single model to
retain for forecasting. How do we do it?

If we had access to independent data y from the same process, we could

compare the likelihood on the new data, L, (¢,6,62).

We could obtain y by leaving out some of the data from our model-building,
and reserving it for model selection. This is called cross-validation. It
suffers from the drawback that we are not using all of the data for parameter
estimation.




Model Selection: AIC I

We can approximate the likelihood defined using independent data:
asymptotically

(p+qg+1n

—InL,(,0,6%) =~ —InL.(¢,0,62) + S h—a 3

w

AIC.: corrected Akaike information criterion.

Notice that:
e More parameters incur a bigger penalty.

e Minimizing the criterion over all values of p, q, g&, é, &,?U corresponds to

choosing the optimal g&, QA, 62 for each p, ¢, and then comparing the

penalized likelihoods.

There are also other criteria: BIC.




‘ Pure seasonal ARMA Models I

For P,(Q > 0 and s > 0, we say that a time series { X;} is an
ARMA(P,Q); process if ®(B°)X; = O(B*)W;, where

P
®(B*)=1-) &;B
j=1

Q@
O(B*)=1+) ©;B%".

j=1

It is causal iff the roots of ®(2°) are outside the unit circle.
It is invertible iff the roots of ©(z*) are outside the unit circle.
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‘ Pure seasonal ARMA Models I

Example: P = 0, Q=1s=12. X; =W; + 0, W;_19.

v(0) = (14 ©7)0o,,,
v(12) = ©,02,
v(h) =0 forh=1,2,...,11,13.14,.. ..

Example: P=1,Q =0,s =12. X; = &1 X;_1o + W,.

7(0)
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‘ Pure seasonal ARMA Models I

The ACF and PACF for a seasonal ARMA(P,Q), are zero for h # si. For
h = si, they are analogous to the patterns for ARMA(p,q):

Model: ACF: PACF:
AR(P), decays zero for1 > P
MA(Q), zero for ¢ > () decays
ARMA(P,Q). decays decays




Multiplicative seasonal ARMA Models I

Forp,q, P,Q > 0and s > 0, we say that a time series { X; } is a
multiplicative seasonal ARMA model (ARMA(p,q)*x(P,Q)s)
if ®(B%)p(B)X; = ©(B*)0(B)W;.

If, in addition, d, D > 0, we define the multiplicative seasonal
ARIMA model (ARIMA(p.d,q)x(P,D,Q)s)

d(B*p(B)VPVIX, = O(B*)0(B)W,,

where the seasonal difference operator of order D is defined by

vPXx, =1 - B%PX,.




Multiplicative seasonal ARMA Models I

Notice that these can all be represented by polynomials

®(B*)p(B)VSV?=E(B),  O(B*)d(B)

But the difference operators imply that Z(B)X; = A(B)W; does not define
a stationary ARMA process (the AR polynomial has roots on the unit
circle). And representing ®(B?®)¢(B) and ©(B?®)0(B) as arbitrary
polynomials is not as compact.

How do we choose p, q, P, (Q),d, D?

First difference sufficiently to get to stationarity. Then find suitable orders
for ARMA or seasonal ARMA models for the differenced time series. The
ACF and PACEF is again a useful tool here.




